The dynamics of immune cells, HIV, and tuberculosis can be described by a system of differential equations. We developed the formulations for this dynamical system. To evaluate the system as time goes to infinity, we investigated the equilibrium solutions. We established the criteria for stability based on the characteristics of the Jacobian matrix associated with the dynamical system. To further investigate the stability of the system, we developed phase plane diagrams for the sets of assumed values of the parameters. We have investigated the curves for different values of the starting conditions of immune cells and the antigens. Along the curves, we observed the growth and decay processes. The stability of the system has been established by examining the phase plane diagrams as the solution approaches the equilibrium point. Based on phase diagrams, both stable and unstable systems have been simulated and examined in this study. Finally, we developed and evaluated the graphs for the unsteady variations of immune cells, HIV, and tuberculosis to see how the antigens grow because of the diminishing effects of immune cells in the system as time increases.
INTRODUCTION
We performed mathematical analyses to investigate the growth and decay of the population of blood cells and antigens in a host. These analyses lead to the establishment of mathematical models that can be used to simulate the antigenic variations and impact of infectious disease on a human population. 1 An in-depth analysis includes investigation of the formulations for the population that are infected and susceptible. 2 A major concern is the growth of infection caused by antigens on an HIV patient. There are declining trends on the mortality and morbidity rates of tuberculosis, 3 however, an HIV patient is highly susceptible to the infection caused by other agents such as tuberculosis.
We developed formulations to evaluate the effects of an infection on an HIV patient. An HIV patient is infected with a virus called lentivirus, which is a subgroup of retrovirus. The infection caused by an opportunistic virus or a bacteria can complicate the conditions of an HIV patient. 4 A co-infection of 13% occurred with HIV patients in 2011. 5 There will be stress on the immune cells already engaged in fighting the HIV virus. The immune response will occur from the body due to the presence of a new opportunistic agent. An immune system of a healthy and HIV-free person is able to overcome the effects of any pathogen by eliminating it through the immune reactions. However, the pre-occupied and stressed immune system will have to deal with the new pathogen in an HIV patient.
The system in an HIV patient with co-infection will involve the dynamics of the immune cells, the HIV virus, and a new opportunistic pathogen. HIV patients are vulnerable to the infections caused by certain opportunistic pathogens. These pathogens take the opportunity provided by a weak immune system. One such opportunistic pathogen is a bacterium called tuberculosis. An earlier study was performed to develop formulations for the investigation of the long-term dynamics of tuberculosis. 3 This study focuses on the formulation and investigation of the dynamical system in an HIV patient infected by tuberculosis. In addition, the dynamical system will involve the processes of interaction within the host.
The infections caused by HIV lead to the deaths of infected cells due to the pathological activity (cytopathicity) of HIV or by immune reactions. 6 HIV is a group of RNA viruses (ribonucleic acid) that insert a DNA (deoxyribonucleic acid) copy of their genome into the host cell in order to replicate. These processes can lead to a complicated dynamic involving the growth and decay of HIV. Further complications occur with the introduction of a new pathogen. In this study, we developed mathematical relationships to represent the effects of HIV and the effects of tuberculosis on the immune response. The net specific growth rates will include the terms that will represent the interaction of immune cells, HIV virus, and tuberculosis.
Mathematical modeling analyses have been widely used for the simulation of HIV infection. The population model formulation for the transmission of HIV included susceptible and infected individuals in a community, 7 We performed a study to review the technical approaches for the development of the mathematical models on the population dynamics associated with HIV infection. 8 The epidemiological models were developed to simulate the transmission dynamics of the spread of HIV. The investigation of HIV in a host requires development of governing equations involving rate constants as parameters for growth, decay, and mass action. 9 The dynamical system for HIV included the development of the formulations for the concentrations of infected T-cells, uninfected T-cells, and viruses. 10 The formulations for within-host models included viruses as well as susceptible and infected target cells. In the diversity threshold model, the formulations were developed for the density of virus strains and non-specific T-cells. The dynamics of mature and immature T-cells were formulated in a host with HIV infection. 11 We performed a mathematical modeling analysis for HIV pathogenesis and treatment. 12 Through this modeling study, HIV dynamics, disease progression, and therapy were investigated.
In the aforementioned studies, we modeled T-cells and HIV for the investigation of the system in a host and for the investigation of the transmission in the population of a community. The present modeling analysis entails the investigation of the evolution of non-specific T-cells, HIV, and tuberculosis in an infected host. The objectives of the study are as follows.
Develop the dynamic formulation for non-specific T-cells, HIV, and tuberculosis. Derive the equilibrium solution. Perform a stability analysis based on the equilibrium solution. Perform analysis of the phase plane diagrams for the dynamical system. Simulate an example problem.
MODEL FORMULATION
When attacked by the HIV virus, T-cells are able to fight off the invasion for a period of time. Simultaneously, the HIV virus destroys infection-fighting T-cells. As a result, the immune system becomes less effective at fighting disease (including the spread of HIV). The present model formulation incorporates the forces involved in this process. The forces of growth and decay are included in the formulation, along with the effects on the system involving non-specific T-cells, HIV, and tuberculosis.
T-cells, or immune cells, are an essential and natural component of the human immune system. The primary job of T-cells is to attack and destroy cancerous cells, cells infected with a virus, and in general, any cell containing foreign antigens. The typical Tcell count in a healthy person is about 1000-2000 per cubic millimeter. T-cells are created in the lymphatic tissues. These tissues normally produce T-cells at a uniform (constant) rate, but when a need is detected to combat a virus, additional T-cells are created. T-cells only live for a finite period of time. HIV is measured as a viral load in a sample of blood. The viral load is the number of HIV virus particles in a milliliter of blood. The bacterium for tuberculosis is measured in Colony Forming Units (CFU). The CFU is defined to be the number of bacteria in a sample (milliliter) of blood. 13 Let T be the quantity of immune cells (non-specific T-cells), V H be the quantity of HIV, and V T be the quantity of tuberculosis. In the absence of immune cells, the population sizes V H and V T will grow exponentially. 6 Let's formulate the differential equation for the three populations quantified by the three dependent variables: T, V H , and V T . The population growth equations for T, V H , and V T with the corresponding net specific growth rates can be written as Here 1 , 2 , and 3 are net specific growth rates for non-specific T-cells, HIV, and tuberculosis, respectively. The net specific growth rates are dependent on the forces of growth and decay as well as their effects, assuming that the rates of change of the populations are proportional 14 It is assumed that the net specific growth rate 1 will be proportional to the population of V H and V T , as will the individual net growth rate. The number of T-cells does not increase in an unbounded fashion. The individual net growth rate for the immune cells is proportional is to a logistic term: Tuberculosis is the most common co-infection in patients with HIV We found that the HIV load was significantly higher in patients co-infected with tuberculosis, 15 so it can be assumed that tuberculosis will cause an increase in the growth of HIV. It is known that the immune cells will cause a decrease in HIV. Therefore, the net specific growth rate for HIV can be written as We investigated the impact of HIV on tuberculosis. The study showed that tuberculosis increases in patients co-infected with HIV. 16 As usual, immune cells have negative effects on the population of tuberculosis. The net specific growth rate for tuberculosis can be written as The system of governing differential equations representing the dynamical system for the growth/decay of the population of immune cells, HIV, and tuberculosis can be written as follows. Similarly, it can be proven that V H > 0 and V T > 0 for all t.
As described earlier, a number of parameters ( , , , , , , , , and ) are used in defining the specific growth rates and interaction of T-cells, HIV, and tuberculosis. The solution will depend on the values of these parameters. As shown in the next section, the equilibrium solution and the stability of the system depend on the parameters describing the growth, decay, and interaction among the T-cells, HIV, and tuberculosis. These parameters are rate constants and are expressed as units over time.
The unsteady solutions of the dynamical system (Equations 10, 11, and 12), solutions for equilibrium condition, and stability analysis results have been computed using Maple, based on the derivations. 17 
EQUILIBRIUM SOLUTION
The equilibrium solution is obtained at a steady state condition that is found as t . If we set each derivative equal to zero, we obtain three equations with the equilibrium condition: 0 .
Equation 15.
After examining the above equations, we find one of the two equilibrium conditions, . .
Equation 21.
The above solutions show the second equilibrium point for the dynamical system defined by the Equations 19, 20, and 21.
STABILITY ANALYSIS
The differential equations representing the dynamical system for T-cells, HIV, and tuberculosis can be denoted To investigate the stability, check the trace and determinant. For the system at the first equilibrium to be stable, the determinant must be greater than 0 and the trace must be less than 0. These conditions are written as > 0 and + + < 0.. Since the Jacobian matrix at the first equilibrium point is diagonal, its eigenvalues, 1 , 2 , 3 , are the diagonal elements. Therefore 1 = , 2 = , and 3 = .
For the system to be stable, the eigenvalues must be negative. With the parameters , , and having positive values, the determinant, trace, and the eigenvalues are all greater than 0. This indicates that the system is not stable at the first equilibrium point.
STABILITY AT THE SECOND EQUILIBRIUM POINT
Substituting the second equilibrium point into the Jacobian matrix, we get , where
The determinant of the Jacobian at the second equilibrium point is det .
The second equilibrium point is stable if . This implies that .
The trace of the Jacobian matrix at the second equilibrium point is tr . For stability, the trace of the Jacobian matrix should be less than 0. That is The general criteria, called Routh-Hurwitz criteria, 18 (described in Appendix A) can be used to determine whether all the roots of the characteristic equation (a third degree polynomial equation) for eigenvalues have negative real part or not. For the above cubic polynomial equation, evaluated at the eigenvalues, Routh-Hurwitz criteria are u > 0, v > 0, w > 0, and uv > w.
ANALYSIS OF PHASE DIAGRAMS
The mathematical study of dynamical systems entails investigation of the changes of the topology of the phase plane. Assigning the assumed values of the parameters, we obtained and analyzed the phase diagrams to observe the stability of the solution. The values of the parameters were assigned in order to investigate the topology of the phase plane diagrams. Based on the assumed values of the parameters, the phase plane diagrams were developed using XPPAUT software. 19 Through the investigation of the phase plane diagrams, we evaluated the stability of the present dynamical system. Figure 6 . The set of parabolic curves approaching the horizontal and vertical axes in a phase plane diagram is described as an unstable system 20 . Here the curves shown in Figures 5 and 6 , based on the set of parameter values and on the initial conditions, illustrate an unstable system. 
EXAMPLE OF UNSTEADY SIMULATIONS

ASSUMPTIONS, LIMITATIONS, AND FURTHER STUDY
In the present model, it is assumed that the T-cells become infected once HIV and tuberculosis are introduced into the system. A more detailed analysis can be done by separating the T-cells into two parts; one part will represent the normal T-cells and the other part will represent the infected T-cells. This allows the simulation of the variations of normal T-cells and infected T-cells. A separate equation can be developed and solved for the infected T-cells. The dynamical system will consist of normal T-cells, infected T-cells, HIV, and tuberculosis. Further study can be done to investigate this system with four dependent variables.
The present study entailed developing mathematical models and example applications for simulating T-cells, HIV, and tuberculosis. The mathematical models included differential equations and equilibrium solutions. The unsteady solutions are computed using a set of hypothetical values of the model parameters. We performed a few trials to determine the parameters describing the rate coefficients of the net growth rates. 21, 22 There are not much practical data available for the parameters involved in the system, so a practical application of the system was not performed in this study. However, a separate study can be done to examine the possibility of real world applications based on the real world data of the parameters.
CONCLUSIONS
In this study, we developed formulations for describing the unsteady variations of T-cells, HIV, and tuberculosis. To examine the stability of the system, we developed formulations based on the equilibrium solutions. We obtained and analyzed the equilibrium solutions to examine the stability of the dynamical system as time goes to infinity. The stability analysis included the investigation of the Jacobian matrix and its characteristics. Several characteristic factors involving the determinant, trace, and formulation for eigenvalues of the Jacobian matrix were developed. Stability analysis was done by investigating the phase diagrams for T-cells varying with HIV and for T-cells varying with tuberculosis. Using sets of different parameter values, the phase planes were obtained. Graphs illustrated the growth and decay processes as time increases after the body is infected by the antigens. Graphs also illustrated the approach toward the equilibrium conditions based on different parameter values as time goes to infinity.
We investigated the stability of the dynamical system for different parameter values by examining the phase plane diagrams. We generated graphs to illustrate the stable and unstable systems as the solutions approach the equilibrium point. The phase plane diagrams showed neutrally stable systems with closed curves around a center. Along these curves, a cycle of growth and decay associated with T-cells, HIV, and tuberculosis was illustrated. Using different sets of parameter values, we obtained phase plane diagrams for unstable systems. Based on different initial conditions, these curves illustrated the progress of solutions with time.
The unsteady variations of T-cells, HIV, and tuberculosis were obtained using the assigned values of the parameters. As time increases, the growth of T-cells diminishes and gradually vanishes from the system. Through the process of the decrease of Tcells, HIV and tuberculosis increase with time. The antigens cause unbounded vanishing of T-cells.
Further study can be performed by extending the mathematical model to four variables: normal T-cells, infected T-cells, HIV, and tuberculosis. This will require developing a differential equation for normal T-cells and infected T-cells separately. The equilibrium solutions, stability, and unsteady solutions can be investigated further to examine how the normal T-cells and the infected T-cells vary in a host infected by HIV and tuberculosis. Future work can include investigation of the values of the model parameters for a real world application.
APPENDIX A: THE ROUTH-HURWITZ CRITERIA
A general polynomial equation with real coefficients a 1 , a 2 , a 3 ,… , a n can be written as . 18 For the polynomial p(x), n Hurwitz matrices can be written as , ,
.
The roots of the polynomial equation are negative or have negative real parts if the coefficients a 1 , a 2 , a 3 ,… , a n and the determinants of the Hurwitz matrices are positive. The Routh-Hurwitz criteria for n = 3 can be written as a i > 0, I = 1, 2, and 3. 0, and so 1 2 3 .
